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Preliminary

Flow matchin
- J vector field : Ctg2t Z2 e+ R" - R”

= x|}l

flow matching : source 21 E target =X = A|A|5| e}t SH= vector fieldE &= =X

p : source distribution(8H=x), g : target distribution(data =), p_t : probability path(tA|EL| &)

Liy = E, ,[1vi(x; 0) — u,(x0)||°]

p q P Pt q
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Preliminary

B Flow matching

diffeomorphism : et =X, et Aot 0|F 7ts

vector field u= diffeomorphic map(0|2 S8 Atah)=2 2HECE (diffeomporphismO|™ change of variable 7}s)

dyr(x,)
dt

change of variable : mapping2 &t& &S HatA|Z[X] 3. 1km2F 1milete| 24|

= u(y(xy), X, :=wy(xy)) ~ p,forx, ~ p,

| p.x)dV. | =| py(y)dVy |, where y = f(x). f : invertible and differentiable

dV.
then — = det Jf 1
dV

px) = poly ' (x))|det[ (; ()]
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Preliminary

B Flow matching

flow matching0|A12| vector field= 25 continuity equation= BFEgl. diffusionV|Al= fokker planck equationi

olsl 7|=&
. . op;
Continuity equation (PDE) : — = V(py,
[
" " . dpt " — FO
Continuity equation (ODE) : — = — p, - Vv, , (change of variablest1 22 2[0])

dt
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Preliminary

B Flow matching
Condition flow matching : CFM lossZ =0|=7 FME z|A3g} st= 23t 2L, (Flow matching 3.1 2™ S 7 X[H)

LFM — El‘,pt[Hvt(x; 9) T ut(x)Hz]

— : 2
LCFM _ t,p,(x|x1),q(x1)[Hvt(xa (9) o I/tt(.Xt | xl)” ]

Flow Matching (Lipman et al.) Conditional Flow Matching OT Conditional Flow Matching

P T g S T gl - NN
/N /N /\ AN A
SN SN N A
SN A AA
. A AA

7 S~ AT

CFM I-CFM
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Preliminary

B Bellman expectation equation

The state-value function can again be decomposed into immediate
reward plus discounted value of successor state,

Ve(s) = Ex [Req1 + YV (Se41) | St = 5]

The action-value function can similarly be decomposed,

qﬂ'(s7 3) = K, [Rt—l—l + 7qﬂ(5t+17 At+1) ‘ S5t =5,A; = 3]
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Preliminary

B Bellman operator

TR = R TV =) alals)q r(s,a) +7 ) Pis' |5 d)V(s) o =1+ 1PV,

value function®| A2l Q|al| T*V* = V*

bellman operator= =5 ARy

|T°U =TV, =yP U= V||, <ylIlU=V][, ,p=1

Im 77V =V"

n— Qoo

banach’s fixed point theoremOi| 2|3l
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Preliminary

B Effective horizon

ystaigel 2xMe Gy = ) ', o 79t &2 stezolct et r < 1, U

max
—() -
infinite horizon2| A<L0l| A return2| Z|SHZf2 max G, = Z y'r, ~=——0|1
— I =y
1
l—y
finite horizionOf|A{ A[Z1O] ol A9 return?| Z|SHZf2 1. OI22 &2 4sS A=t
—7 =1
(2t 24| =20] gamma@l 42 effective horizonS O|Ck
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Preliminary

B occupancy measure

[
N

occupancy measure= policyE [[IE 4 ¥HX|= s,a paire| 2X2E 7I5&st 2%20|12 policyd| LY CHSO|LC}.

o0

po(s.a) = (1 = p)n(als) Y y'P(s, = s| )

=0

reward”} state®@} action?| et Z3tat&2e| SAA 2 occupancy measure®t reward| LIS 2 LIEPH 4~ QICt,

Jm) =1 = Ey o, 1)l = A=Y pus.ayrs,a) = (1= )7 < ppur >

r

RISIAl
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Preliminary

B successor measure

successor measure= s,a0l|M A& 1XH2Q| policyE IS 8% Y¥O{X|= future statel| =2 = 7ISefel =X 0|LCY.

m”*(s’|s,a) = (1 — ;/)Z y'P(s,., =S| sy =s5,a, = a,n)
=0

0|2 £3| state action value functionS LIEF &~ QUCY,

1
Q%(s,a) = 1 _ y[ES'Nm(.|S,a)[7”(S,)]

= 2 m(s’|s, a)r(s’)

s'es

~ Z ZytP(StH = 5" sy = 8,09 = a, D)r(s)

s'eS =0

— Zyt_[rt+1 ‘Saa] — _[Go‘S,CZ]
=0
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Preliminary

B bellman operator of suCCeSSOr measure e
m"(-|s,a) =T"m"

= =pPP(-[s,a) +y(P"m")(- |s,a)

(P"m)(dx|s,a) = J m(dx|s', n(s")P(ds'| s,a) = E[m(dx|s’, n(s"))] ‘
m”(s’|s,a) = (1 —y) Z }/tP(St+1 =5’ So = S,0y = a, ) ‘L | e — “
=0

= =pP(s;=5"|sg=s,ay=a)+ (1 — y)yz }/I_IP(SH_l = 5|5y = 5,09 = a, x)

=1
= =-pP(s;=5"|sg=s,ay=a)+ (1 — y)yz P(s; =x|sy=s,a9 = a)Zyt_lP(stH = 5|5y = 5,09 =a,s; = x,a, = n(x), x)
xes =1 l

= =pP(s; =s"|sg=s,ap0=a)+ (1 - y)yz P(sy = x|sy = s,a9 = a) Z Yy 1P(s,.; = 5'|s; = x,a; = n(x),x) markov property

XES =1

= =pP(s; =s"]sy=s,ap=0a)+ (1 - ;/)}/Z P(sy = x|sy = 5,0y = a) Z V' P(s = 5"|sg =x,ay=n(x),m)  time homogeneity
xXES =0
— (1 — }/)P(Sl — S’l SO =, ao — Cl) -+ }/[EXNP(-|S,CZ) (1 — }/) Z }/IP(SH_I — S’l SO = X, Clo p— ﬂ(X), 71')
_ =0 i

= (1 = p)P(s; = 5'| 59 = 5,dy = @) + YE,_p.s.0) [ %, 7(x))]
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INntroduction

single step model
e 2| dynamicsE Z2Atst= 2E Pys.q1s,a) = P(s,,q]5,a,)

« X9 MO Z 25| long horizon prediction0| H{2{=

gamma model

o« AZtHA2 715t successor?| EEE 0|&5t= 2 m(s'[s,a) = (1 —y) Z Y'P(s;4 = 8|50 = 5,09 = a, m)
=0

» effective horizon0|| Cisl WAAMQl O2HE Of|= 7t

gamma modelZ ZAISt=H| flow matchingS O| &3l 2 X}
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Method

B Notation

probability measure over a set X : SL(X)
probability path : m, : S X A = P(S) for t € [0,1]
empirical distribution : p

source distribution : my = p,

target distribution : m; = m”

flow:y, : § XS XA — §, velocity field :v, : § X § X A — §, parameterized velocity field : vV (---; &)

generated RV by velocity field X, := w(X,|S,A) ~ m/(-|S,A), where X, ~ m,

conditional probability path : p,; : § X Z — (S), conditional velocity field : u,; : S X Z — §
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Method

B Flow matching

marginal velocity = marginal path

= o=

— —

11 conditional velocity= conditional path& Fr=CH.

pe(z) = /pt(x\xl)Q(%)del,

- L A
Q!'E

u(z) = [ walalen) 2O g,

L=

1S

1. sampling time, data and noise : t, x,, x; ~ U(0,1), py, g

2. compute flow and velocity at t : y,(xy) = tx; + (1 — £)x, u(x|x;) = x; — X

3. minimize cfm loss : min||v,(y;(xy); ) — (x; — xo))H2
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Method
B MC-FM/CFM

MC-FM : 7+ 0|2l BEOIX[2 m, S & & Gl0M & == §iS

d

t
Sz | 5,0) = v (] 5,0) | 5,0), Yo(z | 5,0) =2 = Gu(z]s,0) =2+ / v, (¢r(2l5,a) | 5,0) d .
0

:Hat(xt 'S, A: 0) — v (X, | S, A)HQ: |

where X; ~ my(-| S, A).

ric-Fum (9) — 4:/o,t,Xt

MC-CFM : conditional flow matching &S 2} FEE[A}KX[TE 03H35| m El= 20| (2 E20]| &lE=et

eMC-CFM(O) — 4:p,t,Z,X,: :”'Et(Xt ‘ S,A,H) T ut\Z(Xt ‘ Z)HT

where Z = X; ~m™ (- | S, A), Xy ~pyz(- | Z).
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TD-CFM Coupled TD-CFM TD?*-CFM

‘"’(X)|s 7(S"))

mo my"” (-] 8, 7(8"))

== 0A MC-CFM= OiA| g T2 = J M7HX|E Mg
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Method
B TD-CFM TD-CEM

MC-CFMe| =2 B ;m”E Of2ljef 20| #1450 transition data
Oto 2 s+&0| 7hso}tot.

m*(s’|s,a) = (1 = P(s'|'s,a) + YE,p(.js.0)lm" (57| X, m(x))]

Xo ~ po
Z=X1~(1=7)0s +7050m x, | 5.m(5)) -
B Coupled TD-CFM

OT-CFM2} £0] coupling= 0|&3H cross’t Y diot=2& Aol

Xo ~ Po
X1~ (1 =7)0s +70500 x150 n(57))
[ = (XO)XI) ¥
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Method

B TD*2-CFM TD™-CFM
vector fieldE bellman operatorX & 2710 st&5HAL

Solo| ME{RHS SH& TDA2 CFMOICH, " (Xo| 8, m(S >>

e

Lemma 1. Let p; be a probability path for P generated by vector field v; and p( ") be a probability path
for P™m ( ) generated by vt( ") such that p, Do = p(n) =myg. For anyt € [0,1] and (s,a) let’

n+1
vt (

. | S,CL) — argmin(l —’Y)E—’ [||U Xt —'Ut(Xt | S,a || ]

v:RIRd Xe~pi(cls,a)
+1ER, 5o o) [||v(Xt) _ 5™ (X, | s,a)||2].
Then vt( "t induces a probability path m( "1 such that m(n+ ) = mo and m§"+ ) = T™m (")
lemma 1 : bellman operator X8 ZH0{ St&atH m™" = T"m{, Ol (" *V (z]s,a) = (1 — 7)p; (2], a) + 7p," )(a:‘\s,a)

Uy Uy (z | s',a")

P (@ | 20)P(A21[3,0) G0z |0,0) = [ (o | o) @] IPE 8.0

vt(xls’a)z/ wen (@ | 21 pi(z | 5,a) ’ P (x| s,0) |
pe(z|s,a) = | py1(z|s')P(ds'[s, a). (@] s,a) = [m"(z | s, )P(ds | s,a),
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Method

_l

B TD-CFM & Coupled TD-CFM
xy ~ N(O,D), x; = y(xy | s, a’, 0)

x, = tx; + (1 — 1)x

U1 = X1 — Xp

B TD""2-CFM

xg ~ N, x, = w(x,|s,a’,0)

Uy = vix|s',a’ 0)

Temporal Difference Flows

: successor vector field &

ULHEOl CFM

TD-CFM

TD*-CFM

vi" (Xo] §',m(8')
v, )(Xt | S/ ,n_(S/)) i\ \\\\;»‘_/i-‘

o T —
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Method
B TD "2-CFM

() =E - |6:(X:]8,4;0) —dyz(X: | 2)|],
dynamics P(s,. | s, a,)& 2AI5t= pit 2, Xt [H t g | ]

velocity fieldS 5—.& where Z = X1 ~ P(- | S, A), Xi ~pyz (-1 Z),
0(0) = p,tX [H’Ut(Xt | S, A;0) — ~(’"»)(Xt | S’ m(S") H ]
po, &'~ P(-| 8, 4), Ky = 3™ (Xo | S (S
Algorithm 1 Template for TD-Flow algorithms where Xo Po; 5 P( | S’ ) ) wt ( 0 ‘ 5 ’ﬂ-(S )) ’
1: Inputs: offline dataset D, policy 7, batch size n, Polyak coefficient — ~
¢, weight decay A, randomly initialized weights 6, discount factor ETDZ_CFM (9 ) — (1 — 7 ) (9 ) + ’Yg (9 ) .

v, learning rate 7, one-step conditional path ﬁt“ and conditional
vector-field ﬂtu, bootstrap path p; and vector-field ;.

2: forn=1,... do

3: Sample mini-batch {(Sk, Ak, Si)}i—, from D

4: fork=1,...,K do

5: Sample t ~ U(o, 1))

6: Sample X ~ py, 1(+ | Si)

7: 0(0) = ||vey (X | Sk, Ak; 0) — the, 11 (X | 51|
8 Sample Xy ~ P, (- | S, 7(51); )

9: 0e(0) = [Jve, (X | Sk, An; 0) =B, (X | Sp w(S4); 0)]|°
10: end for

11: s Compute loss

12: £0) = % Zk (1 - ) k(0 )+’Y€k(9)

13: 7 Perform gradient step

14: 0 < 0 —nVp (6(9) + )\||9||2)

15: # Update parameters of target vector field

16: 0« ¢+ (1-¢)0
17: end for
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Theoretical Analysis
B Thmi.

Theorem 1. For any n > 1, the probability paths generated by TD-CFM, TD-CFM(C), or TD*-CFM satisfy
m§n+1)(a: | s,a) = (Bfmgn)) (x| s,a), Vtel0,1]

where Bfm := (1 — v)P; + yP™m and Py(z|s,a) := [ py1(z | z1)P(x1|s,a)dz,. For any t € [0,1], the
operator B is a y-contraction in 1- Wasserstein distance, that is, for any couple of probability paths p¢, q;,

Sup Wl (( ert) ( | Saa)a (B;:”q?f) ( ‘ 8,0,)) < 7y sSup Wl (pt(' ‘ Saa)aQt(' ‘ Saa')) -

s,a s,a

thm1 : @A eigst BHE2 B E flow?| A|A tO|M probability pathol| CHsli gamma-contraction2 st= &t&0|Ct.
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Theoretical Analysis

B Corollary1.

Corollary 1. Let {m§") }n>0 be the sequence of probability paths produced by TD-CFM, TD-CFM(C), or
TD?-CFM starting from an arbitrary vector field 'v,go) . Then,

lim m§ n) _ = M; = Btmt,

n— oo

where My is the unique fized point of B, and m; = my'®, where my°(- | s,a) = [ py1(- | z1) m™ (21 | s, a)
is the probability path of the Monte-Carlo approach in (MC-CFM; 5)

Corollary : €Al &gt bellman like mapping= m MC = fixed point= Z=C. L2 2= t0|A TD-CFME)
probability path= MC-CFM2| probability pathE *E"°H1f

Temporal Difference Flows Junhyeong Hong



Theoretical Analysis
B Thm 2,3.

Theorem 2. For anyn >1 andt € |0, 1], assume that m§”) (z|s,a) = [ py1(z| wl)mgn) (z1 | s,a)dx,

then

U?“D-CFM —_— 03D2-CFM + ’)’2 ..Lp [T&' (COVX1|S,A,Xt [Vo ’Ut(Xt ‘ S, A, H)T’U,t“(Xt ‘ Xl)])] .

Theorem 3. For anyn > 1 and t € [0,1], assume that m\™ (z | s,a) = | ptjoa(z | :L'o,:cl)mg?l) (zo, 1 |
s,a)dzodz; °, then we obtain

Orp-crm(c) = O +7°E, [Tr (Covzis,ax, [Vour(Xe | S, 4;0) "uyz(X: | Z)])]

TD? -CFM

where Z = (Xo,X1). Furthermore, if we use straight conditional paths, i.e., X; =tX, + (1 —t)Xo, and

: : : / 2 — 2
the linear interpolant X; does not intersect for any s,a,s’, then o, crm(c) = Tap? - crn

Thm 2,3 : TDA2 CFMQ| 7|=7|= L2 B8 S 20 O A2 242 714 [ 2 8H =35 ottt
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EXperiments

ExoRL H|O|E{Z O|&5f TD3=Z

;J\
o_
—/

64712| initial stateE §E{ 1000step rollout

Zt trajectory

HE 2048712 stateE 5

==
T =

Ol  ~ Geometric(1 — y) AIE2| stateE MEE

10

Ll

Vp)

= 10 -
-

o

-

U 0
O 10
-

L
10
(O

>

10

Scaling Effective Horizon

ol D’ DD

10 20 50

Effective Horizon

100

Method EMD | Norm NLL | MSE(V) |
TD-DD 20.22 (0.26) 2.824 (0. 103) 454.49 (131.97)
TD?-DD 14.14 (1.08) 0.806 (0.016) 189.15 (23.63)
> TD-CFM 12.26 (0.02) 0.886 (0.024) 228.77 (2.20)
5 TD-CFM(C) 10.51 (0.06) 0.447 (0. ))() 140.78 (18.72)
=  TD?-CFM 10.57 (0.07) 0.422 (0.014) 135.22 (19.79)
O GAN 23.97 (0.46) — 2463.22 (628.05)
VAE 83.77 (0.41) — 1284.27 (37.62)
TD-DD 0.149 (0.001) 2.974 (0.100) 1245.20 (29.27)
o TD?-DD 0.027 (0.001) 0.761 (0.082) 11.13 (3.09)
% TD-CFM 0.062 (0.003) 0.554 (0.033) 355.56 (82.83)
2 TD-CFM(C) 0.022 (0.002) —0.696 (0.094) 11.89 (3.16)
Z  TD?-CFM 0.021 (0.000) —0.843 (0.027) 8.74 (2.09)
& GAN 0.203 (0.037) — 1257.26 (112.86)
VAE 0.410 (0.036) 1821.89 (69.78)
TD-DD 28.33 (0.33) 1.908 (0 041) 1490.75 (444.49)
A TD?-DD 22.64 (2.47) 0.861 (0.028) 159.03 (14.64)
= TD-CFM 15.73 (0.06) 1.056 (0.002) 525.06 (28.90)
~ TD-CFM(C) 14.38 (0.03) 0.488 (0.003) 155.25 (5.58)
S TD?-CFM 14.51 (0.05) 0.379 (0.011) 141.77 (3.10)
& GAN 36772.12 (13898.25) — 2634.69 (798.38)
VAE 60.27 (0.28) — 1156.33 (36.52)
TD-DD 20.58 (0.24) 2.649 (0.137) 382.40 (458.63)
TD?-DD 12.09 (0. 12) 0.537 (0.060) 39.04 (6.08)
= TD-CFM 13.53 (0.11) 0.713 (0.028) 225.27 (42.43)
X TD-CFM(C) 11.91 (0.02) 0.219 (0.016) 30.71 (3.44)
<  TD*-CFM 11.92 (0.10) 0.104 (0.001) 28.35 (6.10)
= GAN 24.51 (0.89) — 3690.65 (1117.94)
VAE 111.73 (2.53) — 2457.61 (16.25)
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